
Nuclear Physics B 149 (1979) 237-242 
O North-Holland Publishing Company 

QUANTIZATION AMBIGUITY AND NON-TRIVIAL VACUUM 
STRUCTURE 

H.J. ROTHE * and J.A. SWIECA 

Departamento de F&ica, Pontiffcia Universidade Cat61ica, Cx. P. 38071, Rio de Janeiro, 
R J, Brasil 

Received 9 October 1978 

It is pointed out that there is an ambiguity in quantization of any system whose con- 
figuration space has a non-trivial topology characterized by a Chern number. In field the- 
ories this ambiguity manifests itself through the existence of 0 sectors. The point of view 
adopted gives a simple interpretation of the difference between the temporal and Coulomb 
gauge descriptions of instantons. The general ideas are exemplified in the 0(3) non-lin- 
ear a model in two dimensions. 

There has been a considerable interest in the past few years in the non-trivial vac- 
uum structure of non-Abelian gauge theories as signalized by the BPST instanton 
[ 1 ]. Historically this vacuum structure was first exposed in the temporal gauge where 
there is enough gauge degree of freedom to allow one to interpret the instantons as 
a link between topologically inequivalent classical vacua (n-vacua) [2]. Such a quasi- 
classical picture of vacuum tunneling, although heuristically very appealing, is 
clearly gauge dependent as is evident from working in the Coulomb gauge with strong 
boundary conditions where the classical vacuum is unique [3 -5 ] .  On the other hand 

the 0 vacua, which in the temporal gauge are just coherent superpositions of the 
n-vacua [2], obviously are not just gauge artifacts. The purpose of this note is to 
characterize in a more intrinsic fashion the 0 vacua as resulting from an ambiguity 

in quantization of classical systems whose configuration space has a non-trivial 
topology. From this point of view it becomes evident that the non-linear 0(3) o 
model in two dimensions also has a non-trivial vacuum structure resulting from the 
existence of configurations with non-vanishing Chern number. 

The abovementioned quantization ambiguity can be exemplified in a simple 
quantum mechanical system, where the momentum can be realized in the coordi- 
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nate representation as 

Pi = - i  ~ - -  + A i (q )  , 
oqi 

with 

(1) 

a .4 :  - a/Ai = 0 .  

If  the configuration space of  the qi's is simply connected, then by means of  a gauge 
transformation 

~(q)  ~ e -is°(q) t~(q) - ~'(q) , 

with ~p and A i  related by A i  = 3i~o, one comes back to the usual representation of 
the momentum. On the other hand, if the space is not simply connected, then the 
description in which the momentum is given by -iO/Oqi may correspond to wave 
functions which are no longer single valued. For example in the case of one degree 
of  freedom with q an angular variable, if one choses A = 0/2n, where 0 is a con- 
stant, one has that ff'(q) satisfies a quasi-periodic boundary condition 

ff'(q + 2n) = e -iO t~'(q) .  (2) 

Eq. (2) exhibits the basic mechanism giving rise to a non-trivial vacuum structure in 
field theories [6]. If  we "unwind" the angular variable q by extending its range of  
definition to the whole real line, it is already possible in this example to introduce 
rnetastable n-vacua whose coherent superposition will form the true ground state of 
the theory. Such a procedure corresponds to an enlargement of  configuration space, 
allowing for a quasi-classical understanding of the vacuum structure, paralleling the 
temporal gauge description in gauge theories. 

In field theories whose configuration space {q~(x)} have a non-trivial topology 
characterized by a Chern number 

n =faxa(x), (3) 

there exists in fact such an angular variable given by 

~(x) 

q[q~]=2n f d x Q ( x ) ,  (4) 
0=0 

where the integration is to be carried out along a path connecting the two field con- 
figurations ~b = 0 and ~b = ~(x), the time variable parametrizing the path *. The angu- 
lar nature of q [0] is a consequence of the fact that, on account of  eq. (3), the con- 
tribution to eq. (4) of  any closed path in configuration space is a multiple of 27r. 

* The topological nature of n defined by eq. (3) ensures that the variable q [q~] is path indepen- 
dent for all paths that can be continuously deformed into each other. 
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Hence the angular variable defined by eq. (4) parametrizes topologically inequiva- 
lent paths in configuration space, and plays the same role as the variable q of our 
one-dimensional example. The corresponding quantization ambiguity in the field 
theory case manifests itself through the choice for the configuration space represen- 
tation of the momentum canonically conjugate to 0, 

6 0 6q[ck] 
n ( x )  = - i  - -  + (s)  

~ ( x )  27r a~(x)  

This representation is "gauge" equivalent to the conventional one with multivalued 
wave functionals satisfying a quasi-periodic boundary condition. This boundary con- 
dition characterizes the 0 worlds. Expression (5) for the momentum can be derived 
from a Lagrangian of the form 

0 d 
L [¢, ~] = L o [~, ~] + ~ ~- q [q~], (6) 

where the momentum associated with Lo is represented by - i 6 / 6 ~ ( x ) .  The action 
which corresponds to L is given by 

S =So + O f d x Q ( x ) ,  (7) 

which in a Feynman path integral formulation gives rise to the correct 0 sectors. 0 
can be viewed as a measure of the flux through the "hole" in configuration space. 

From its definition (4), it is clear that q [~] depends on the path history and its 
range of definition will be the entire real line. In general, however, the same point 
in configuration space will correspond to different values ofq  [¢], and it proves 
convenient to enlarge configuration space in such a way that different physically 
equivalent values of the q variable can be associated with different field configura- 
tions. This procedure, which corresponds to "unwinding" the configuration space 
in the field variables will then allow instantons to be interpreted as links between 
topologically inequivalent classical vacua. In gauge theories this enlargement of con- 
figuration space is automatically achieved by working in the temporal gauge, where 
q [A ] can be written in the form 

q [A ] = 27r fdxlo(A). (8) 

Here 1 u is related to the Chern density by 

a = 3~I u • (9) 

The path history of the angular variable is now contained in the winding class of 
the potential A u. In contradistinction to the temporal gauge, one finds that in the 
Coulomb gauge with strong boundary conditions, the variable defined by eq. (8) 
plays the role of an angular variable whose range is restricted to a 27r interval. In 



240 H.J. Rothe and J.A. Swieea / Quantization ambiguity 

this case a non-trivial path will necessarily involve discontinuities, a mechanism 
which was exhibited in ref. [4]. 

From our general discussion on the origin of  the 0 sectors, it is immediately clear 
that also in the case of  the non-linear 0(3) o model in two dimensions one expects 
a non-trivial vacuum structure. 

In the following discussion we wish to use this model to exemplify the general 
ideas presented above. The Lagrangian density is given by 

£ = ½Ouoaamo a , (10) 

where o(x) is a three-component unit vector. The topological charge that classifies 
the field configurations is given by eq. (3) with [7] 

Q(x) = ~-~ eabCe~voa~uob~voc . (1 1) 

Parametrizing the vector o in terms of  a polar angle a and azimuthal angle/3, eq. (11) 
takes the form 

Q(x) = aUlu(x), (12) 

where 
1 

I u = ~ euv cos aavfl. (13) 

It follows that since all points at oo are identified in this model, any non-vanishing 
charge Q must have its origin in singularities o f I  u within the integration domain. 
Hence the well-known instantons of  this model [7] cannot immediately be inter- 
preted as describing tunneling between topologically inequivalent classical vacua if 
we use the above parametrization. This is already clearly seen by considering the 
simplest case of a one-instanton configuration centered at x = 0 for which c~ and/3 
are given by * 

I x - p l  
o:(x) = 2 arc cot Ix + 0 - - - - ~  ' (14) 

2euvpuXv 
~(x) = arc tan ~--~---~ , (15) 

where x and p are two-component vectors, and the norm of 0 gives the size of the 
instanton. The singularities o f I  u (eq. (13)) arise from 0u/3 and are located at the 
two points x u = +-Pu" By introducing a cut between these two singularities,/3@) may 
be made to be single valued. In this case c~ = lrr and ~3 = 0 at infinity. Across the cut, 
i.e., precisely in the "strong" field region where the instanton is concentrated,/3@) 
is now discontinuous and jumps by 27r. 

This provides one with an explicit example of  the discontinuity mechanism dis- 
cussed in ref. [4] in connection with the Coulomb gauge description of  the BPST 

* We have chosen the form of the instanton solution given in ref. [8]. 
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instanton, as is most clearly seen by orienting O along the space axis. The angular 
variable corresponding to eq. (8) is given by 

q [a, fl] = -~ f dx (Ox  cos o~)/3, (16) 

and is restricted to a 2n interval. In order to arrive at the analog of the temporal 
gauge description one must introduce a new degree of freedom which allows one to 
remove the singularities of /u  to infinity. To this effect it is natural to employ the 
formulation of ref. [9] which corresponds to introducing a third unobservable 
angle 7 measuring the rotations about the a vector. In terms of the angles ct,/3 and 
7, the topological charge density may be written in the form 

1 
Q(x) = ~ euv~uAv, (17) 

with 

A u= ½ c o s a O ~ +  ~uT. (18) 

By choosing 7 so that one is in the temporal gauge, the "vector potential" (18) 
becomes regular at all finite spacetime points and the "unwound" angular variable 
(4) is given by 

q [.41 =fdxA 1 ,  (19) 

where the path history of q has now been transfered to the winding class ofA 1 
through 

t 

AI(X ) = 27r f d t 'Q(t ' ,x ) .  (20) 
_ _ o o  

The effective Lagrangian density describing the o model in the 0 sector is given by 

L o = louoaOUoa + OQ, (21) 

and corresponds to a quantization of this model with a quasi-periodic boundary con- 
dition (2) with respect to the angular variable q. 

One of us (H.J.R.) is grateful to PUC and the CNPq-KFA Jfihch scientific 
exchange program for making this collaboration possible. 
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